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—— Abstract

Stream processing frameworks provide programming abstractions that allow their users to express
the desired time-dependent data analysis. The frameworks organize the computation as a directed
graph of interconnected operators that perform event-wise transformations. We tackle the correctness
question for programs expressed in this way. To this end, we model (possibly stateful) operators and
define their composition, model data streams with time-stamps and watermarks, define reusable,
modular operators, and prove their correctness in the Isabelle/HOL proof assistant, taking advantage
of its advanced coinductive methods infrastructure. We demonstrate the usefulness of our model by
verifying stream processing algorithms computing incremental histograms and relational joins.
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1 Introduction

Data stream processing frameworks, such as Apache Flink [10], Apache Samza [18], Apache
Spark [38], Google Cloud Dataflow [4], and Timely Dataflow [29,31,32] are widely used tools
for the low-latency parallel processing of large quantities of data arriving at a high velocity and
possibly out of order at a software system. For many developers, these frameworks take the
role of both the programming language and the operating system as they provide high-level
abstractions that transparently hide much of the complexity of parallel programming.

Most stream processing frameworks follow the dataflow paradigm in which operators
transform streams of time-stamped events and the entire program, called dataflow, consists
of a graph of operators that together orchestrate the desired computation. Dataflows are
programmed at this logical level of abstraction, yet they are deployed and executed in parallel
on multiple workers, which can be separate processes or even separate machines.

Despite their popularity, stream processing frameworks are notorious for correctness
issues [17,21-23,36,37]. The predominant countermeasure to errors in the stream processing
(and the wider distributed systems) community is testing [5,17,37]. For certain kinds of
errors, random testing is effective [26]. Others are hard to detect [21] and require specialized
approaches [23]. But no matter how elaborated, testing remains fundamentally incomplete.

How to formally reason about and prove the correctness of programs implemented in these
frameworks? To answer this question, in this paper we focus on the logical level where the
question becomes: “How to reason about operators and their composition?” More specifically,
we use the Isabelle/HOL proof assistant (Section 2) to model operators as coinductive
input/output state machines, the event streams they manipulate as lazy lists (i.e., potentially
infinite sequences), and to define composition of operators by corecursion (Section 3).

Stream processing frameworks manage out-of-order data streams through logical time-
stamps and completeness metadata. Logical time-stamps do not necessarily represent chrono-
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logical time; rather, they can encompass application-specific semantics, such as grouping of
data items based on different versions or origins. The completeness metadata informs operat-
ors when a group is complete, i.e., no further data for this group will be arriving in the future,
which may prompt the operator to send final results for this group and clean up its state.

We instantiate our core model with event streams that incorporate partially ordered
time-stamps and use watermarks [6] as the completeness metadata (Section 4). We define fun-
damental correctness notions for such event streams, which we call monotonicity (watermark
give correct predictions about future events) and productivity (all data items are eventually
followed by corresponding watermarks). We then identify and prove the correctness of basic,
reusable operators for time-dependent batching of data and incremental computations. To
prove correctness of an operator, we develop a blueprint consisting of four properties: (1)
operator-specific soundness, which describes the desired properties of an operator’s output, (2)
operator-specific completeness, which characterizes what must be contained in an operator’s
output, (3) monotonicity preservation, and (4) productivity preservation. The properties
(3) and (4) are crucial for reasoning about composed operators.

To validate our model we conduct two case studies (Section 5). First, we define an
incremental histogram computation as the composition of our above reusable operators. We
show how the building blocks’ correctness properties compose to yield the overall correctness
property. In addition, we define an optimized incremental histogram computation directly as a
single operator and establish the equivalence between the modular and the optimized variant.
Second, we use partially ordered time-stamps, which allow us to model operators with multiple
inputs as operators with a single input using the disjoint sum order on time-stamps. We use
this insight to define and verify a streaming relational join operator using our building blocks.

Our formalization is not tied to any particular stream processing framework, although
many of the design choices were inspired by Timely Dataflow [31]. Our work is best understood
as a model for specifying and proving correctness of abstract algorithms in the dataflow
paradigm. For example, we represent data streams as lazy lists instead of actual data channels,
e.g., the network layer is not part of our model. Nonetheless, our operators are executable, in
that we can run small examples before engaging with the formal proofs and test our conjectures.
Our formalization is publicly available [1]. In summary, we make the following contributions:

We develop a framework for formally specifying time-aware stream processing programs,

which supports the modular composition of building block operators, provides executable

specifications, and is validated in two case studies.

We distill a four-ingredient proof methodology for operator correctness: soundness,

completeness, monotonicity preservation, and productivity preservation.

Our work constitutes a case study in advanced coinductive methods in a proof assistant

including mixing friendly corecursion [8] and monadic recursion [19], coinduction up to

friends [8] and other generalizations of (co)inductive proofs.

Related Work Our long term objective is to formalize and verify a simplified variant of the
Timely Dataflow [32] stream processing framework in Isabelle. The present work arose from
the need to specify what Timely Dataflow programs are expected to do, without delving into
framework-specific details. This background explains some of our design choices and justifies
why we could not reuse an existing model from the literature. As a distinguishing feature,
Timely Dataflow uses partially ordered time-stamps to support cyclic dataflows. We inherit
this design choice, and while we have not yet formalized cyclic operator graphs, our framework
is prepared to do so. Moreover, we benefit from partially ordered time-stamps when modeling
operators with multiple inputs. This design choice also requires us to generalize the standard
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notion of watermarks [6], which traditional stream processing frameworks with totally ordered
time-stamps use [4,10,18]. After receiving a traditional watermark wm, the operator is
aware that no event with time-stamp ¢ < wm will be received in the future. This notion of
monotonicity [6] inspired our generalization to partial orders shown in Subsection 4.1.
Next, we discuss related pen-and-paper formalizations of stream processing. Kahn net-
works [16] are often considered as the origin of dataflow programming but lack a notion of time.
Hancock et al. [13] develop stream processors as a programmable representation of continuous
stream transformations. Continuity in this context means that a finite prefix of the output is
determined by a finite prefix of the input. Stream processors are a popular example of mixing
recursion and corecursion and have been formalized in Agda [3,11] and Isabelle/HOL [9]. They
lack a notion of time and the fact that they include the continuity proof in their very structure
complicates the definition of time-aware operators. In contrast, our approach decouples the
definition of operators from proofs of their desirable properties. Mamouras [27] organizes ab-
stractions of streams as monoids and operators as deterministic stream transducers. We follow
a similar approach, albeit being less general (representing streams as lazy lists) and equating
transducers with their semantics using a shallow embedding via a coinductive datatype.
Mamouras’ framework has a notion of time, but restricts time-stamps to be natural numbers.
In the context of proof assistants, the Isabelle formalization of the FOCUS system [34,35]
models time-aware, but in-order possibly infinite streams and operators transforming them.
Once again, it uses natural numbers as time-stamps. Hinrichsen et al. [15] model the seminal
MapReduce framework [12] in Coq. MapReduce processes finite data batches in parallel and
without a notion of time. Lochbihler and Holzl [24] define in Isabelle recursive functions on
lazy lists as fixpoints in chain-complete partial orders [19]. We reuse their library of lazy lists.

2 Codatatypes, Coinduction, and Corecursion

We introduce Isabelle’s infrastructure for defining and reasoning about coinductive datatypes,
short codatatypes [7]. The following codatatype enat of extended natural numbers has the
infinity element ESucc (ESucc (ESucc (...))). If datatype was used instead of codatatype
below, the infinity element would not exist and the type would be isomorphic to nat.

codatatype enat = EZero | ESucc enat

To represent finite and infinite data streams in a single type, we work with the codatatype
of lazy lists, i.e., finite or infinite sequences of elements:

codatatype (Iset: 'a) llist = Inull: LNil ([#]) | LCons (Ihd: ’a) (Itl: “a list) (infizr ## 65)
for map: Imap where Itl LNil = LNil

This command introduces the type ’a llist of potentially infinite sequences along with:
constructors LNil :: “a llist, written [#], and LCons :: 'a = 'a llist = 'a llist, written ##,
selectors |hd ::’a llist = 'a (where Ihd [#] = undefined, i.e., a fixed, unspecified value of
type ‘a) and It :: ’a llist = 'a llist (where It| [#] = LNil as specified),
discriminator Inull ::’a llist = bool returning true iff its argument is [#],
the functorial action Imap :: (a = 'b) = ’a llist = b llist, and
the function Iset :: “a llist = ’a set extracting the set of elements contained in the lazy list.

The codatatype command provides a coinduction principle to reason about equality.
Proving that two lazy lists are equal reduces to exhibiting a bisimulation R that relates them.
A bisimulation is a relation that is stable under discriminators and destructors. Formally, we
obtain the following coinduction principle for [list:

XX:3
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R lzs lys = (Nlzs lys . R lzs lys = Inull lzs «— Inull lys A
Slnull lzs = =lnull lys = |hd lzs = |hd lys A R (Itl lzs) (Itl lys)) = lus = lys

(1)
Here, A is universal quantification. An induction principle for Iset membership is also derived:
(2)

All functions in Isabelle/HOL must be total. This is guaranteed for terminating recursive
functions on datatypes. In contrast, corecursive functions produce elements of codatatypes

x € Iset lzs = (/\ z lus. P x (z ## lzs)) —
(Nzlzsy . y € lset lts = P ylzs = Py (z ## lus)) = P x lzs

are total when they are productive, i.e., they always eventually output a codatatype con-
structor. Corecursive functions are defined with the corec command, where the corecursive
calls must be guarded by a codatatype constructor, which ensures productivity. For example:

corec Ishift ::'a list = 'a llist = "a llist (infizr @@ 65) where
xs @0 lys = case zs of [| = lys | z # zd = z ## (x5 QQ lys)

where [] and infix # are the ordinary constructors of the (finite) list datatype.
Many total corecursive functions involve other operations than the guarding constructor
in the context surrounding the corecursive call. An example is Iconcat characterized by:

Iconcat lzs = case lzs of [#] = [#] | zs ## los’ = x5 @@ Iconcat lzs

The corec command permits functions to be used freely in definitions if they have been
previously registered as (and proved to be) friendly [8]. A function is friendly when it preserves
productivity in a rather rigid way: it may consume at most one constructor to produce one con-
structor. Isabelle can automatically prove that Ishift is friendly by supplying the (friend) op-
tion to the above Ishift definition (and adjusting it mildly). With Ishift registered as a friend, we
can define Iconcat, although not using the above equation, which lacks a guarding constructor
and hides the complication that all lists in zss may be empty (in which case lconcat zss = [#]).
We refer for details to our formalization, which derives the above equation as a lemma.

The coinduction principle (1) is inconvenient for corecursive functions that use friends in
their corecursive call contexts. The corec command automatically derives the coinduction
up to congruence principle, which replaces R (Itl zs) (Itl ys) by cong R (Itl zs) (Itl ys) in (1),
for the congruence closure cong with respect to currently known friends, and thus allows the
bisimulation proof to descend under these friends.

Coinductive predicates are definitions as Knaster—Tarski greatest fixpoints on the predicate
lattice [33]. They resemble inductive predicates, but allow the introduction rules to be applied
infinitely often. Consider the prefix relation on lazy lists:

coinductive lprefix :: 'a llist = 'a llist = bool where
lprefix [#] lys
| lprefix lzs lys = lprefix (z ## lzs) (z ## lys)

Any finite prefix will eventually reach the base case; the coinductive bit is relevant here to
ensure that the definition is reflexive, also for infinite lazy lists. Coinductive predicates are
accompanied by a coinduction principle. To prove that a coinductive predicate holds for some
arguments, we must exhibit a witness relation R that relates them. For Iprefix, R is a witness
relation if for any R-related lazy lists either the left argument is empty, or both arguments
are non-empty, their heads equal, and their tails related by either R or Iprefix. Formally:

R lzs lys = (N\lzs lys . R lzs lys = Inull lzs V
(= Inull lzs A = Inull lys = |hd lzs = Ihd lys A (3)
(R (It lzs) (Itl lys) V lprefix (Itl izs) (Itl lys)))) = lprefix lzs lys
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3 Lazy Lists Processors

We introduce operators as a codatatype, give them a semantics as lazy list transformers, define
sequential composition, and prove that its correctness with respect to the given semantics.

3.1 Operators on Lazy Lists

We define the codatatype ("4, 0) op of operators with a single constructor parametrized by a
user defined function, which we call logic, and a lazy list:

/

codatatype ('i, '0) op = Logic (apply: ("i = (4, '0) op x "o list)) (exit: "o llist)

The type variable "7 represents the operator’s inputs, and ' o its outputs. The selector apply ap-
plies the operator’s logic to an input, yielding a pair consisting of a new (evolved) operator and
a list of outputs. The new operator can again be applied to another input, etc. The selector exit
handles the situation when there are no more inputs. In this case, the operator may produce
final outputs. An operator can be seen as an infinitely deep tree branching over ' (which also
may be infinite): apply follows a branch, depending on the provided input, to the next node.

It may seem that our operators are stateless, but corecursive functions may have additional
parameters representing the state. Our first example operator has state: it buffers data until
a buffer limit n is reached, and then it performs a bulk operation with the function f. At the
end of the input stream any remaining data in the buffer is output as well:

corec bulk_op where bulk_op fn buf = Logic (Ae. if length (e # buf) < n
then (bulk_op fn (e # buy), []) else (bulk_op fn [], f (e # buf))) (llist_of (f buf))

We define next how an operator can be applied to an entire, possibly infinite lazy list.
We start with the auxiliary function produce;, which iterates apply until the operator pro-
duces a non-empty output z # xs, in which case Some (Inl (op/, z, s, lxs')) is returned. The
operator may fail to produce a non-empty output, either because the input lazy list ends
(Some (Inr op’)), or nothing in the infinite lazy list causes any output to be produced (None).

partial_function (option) produce; where
produce; op lzs = (case lzs of [#] = Some (Inr op)
| h ## lzs = (case apply op h of (op/, [|) = produce; op’ lzs
| (op', x# xs) = Some (Inl (op', z, zs, lzs))))

The partial_function command [19] defines functions by recursion in the option monad (with
non-termination represented by None). The command automatically derives an induction
principle for the terminating executions of produce;, which we rewrite as:

produce; op lrs = Some y —>
(ANop h lzs' op’ zs. apply op h = (op', [|) = Q op/ lzs zs = Q op (h ## lus') 25) =
(A\op h z zs lzs' op'. produce; op (h ## lzs) = Some (Inl (op/, z, zs, lxs')) = (4)
apply op h = (op', z # zs) = Q op (h ## lzs') (Inl (op/, x, s, lxs))) =
(Aop- Q op [#] (Inr op)) = Q op las y
We define produce to corecursively repeat this processes and concatenate the outputs.
The following definition requires @@ to be (registered as) friendly.

corec produce where produce op lzs = (case produce; op lzs of None = [#]
| Some (Inr op’) = exit op’
| Some (Inl (op', z, xs, lzs')) = z ## (xs @@ produce op’ lzs))

XX:5
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3.2 Sequential Composition

The (sequential) composition of two operators means giving the first operator’s output as input
to the second operator. As our operators output lists, this requires folding the second operator
over the output of the first, for which we use the following finite list variant of produce:

definition fproduce op xs = fold (Ae (op, out).
let (op', out’) = apply op e in (op/, out @ out’)) zs (op, [])

The infix @ is the list append function. The composition operator is:

corec comp_op where comp_op op; ops = Logic (Aew.
let (op1’, out) = apply op1 ev; (op2’, out’) = fproduce ops out
in (comp_op op:’ ops’, out’)) (produce ops (exit op1))

The composed exit value iteratively applies opy to op;’s exit. The correctness of comp_op
states that its production corresponds to the functional composition of its arguments’ produc-
tions: produce (comp_op op; ops) lrs = produce ops (produce op; lzs). Unfortunately, this
equality does hold unconditionally: if op; enters an unproductive state (produce; returns
None), then the equality reduces to [#] = exit ops. Therefore, we add an assumption stating
that either op; and all its evolutions are eventually productive or ops’s and all its evolutions’
exit is [#]. To this end, we introduce another operator that skips the first n outputs of an
operator, but does not alter that operator’s evolution:

corec skip_op where skip_op op n = Logic (Aev. let (op’, out) = apply op ev in
if length out < n then (skip_op op’ (n — length out), [])
else (op’, drop n out)) (Idropn n (exit op))

Using Idropn, which drops the first n elements of a lazy list, the correctness of skip_op is:

produce (skip_op op n) lzs = ldropn n (produce op lzs) (5)

We prove (5) by coinduction up to congruence, instantiating the bisimulation candidate R with

Al r. Jop n lzs. | = produce (skip_op op n) lzs A r = Idropn n (produce op lzs)

(Isabelle’s coinduction proof method automatically constructs this canonical instantiation.)

Proving that R is a bisimulation up to congruence yields three subgoals about arbitrary R-

related lazy lists {and 7 (i) Inull I +— Inull 7, (ii) Ihd I = Ihd r, and (iii) cong R (Itl 1) (It! r),

where (ii) and (iii) may additionally assume that [ and r do not satisfy Inull. All subgoals

are proved with lemmas about produce; that are proved by its induction principle (4).
Correctness of comp_op is then expressed as

(Vn. produce; (skip_op op; n) lxs # None) V (Vzs. exit (fst (fproduce ops zs)) = [#]) =
produce (comp_op op; op3) lzs = produce ops (produce op; lzs) (6)

The proof of (6) also proceeds by coinduction up to congruence. Again, different lemmas
about produce; must be proved, one relevant example being:

produce; (comp_op op; ops2) lzs = None = (M)
produce op; lzs = ys @@ lys = Jopy'. fproduce ops ys = (op2’, [])

We proceed by an induction on ys. Its induction step case is:

(Aop1 ops lzs lys. produce; (comp_op op; ops) lzs = None —>

produce op; lzs = ys @O lys = Jops'. fproduce ops ys = (op2’, [])) =
produce; (comp_op op; op2) lzs = None = produce op; lzs = (y # ys) Q@ lys —
Sopy'. fproduce ops (y # ys) [| = (ops', [)
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stream, = Ci, :¢{d} Ct;: {a}\c}
DT 4 4[DT 1o | DT s c|wM 1 | DT 5 cff Cip: (¢} Cu: {b) Cu: {a)
~ T A
{oT 1 o[ DT 15 o[ DT 12 5| 15 Jwm 2 [f--- Cho: {a}
0!
(a) Prefix of streama (b) Corresponding set of collections

Figure 1 An example stream and its collections (ordered by their time-stamps)

2 There is a mismatch between ys in the induction hypothesis and y # ys in the assumption
a3 about produce op; lxs, so that we cannot use op; to instantiate the induction hypothesis.
s Our solution is to is instantiate op; in the induction hypothesis with skip_op op; 1. Using
a5 skip_op as a means of generalization is a common pattern in our development. It allows us
s to formulate statements about arbitrary positions in the output of produce. Namely, when
o produce; (skip_op op n) lzsreturns Some (Inl (op, z, xs, lxs)), the value zis op’s nth output.

s 4  Time-Aware Operators

a0 We model time-aware data streams. Events are either time-stamped data items or watermarks:
280

s datatype (‘t::order, 'd) event = DT (tmp: 't) (data: 'd) | WM (tmp: '¢)

282

23 Here, time-stamps ‘¢ are assumed to form a partial order via Isabelle’s order type class.
20 A (time-aware data) stream is a lazy list of type (¢, 'd) event llist. A collection Cy is the
25 multiset containing all the data items with the time-stamp ¢ from a time-aware data stream.
s A watermark WM wm completes a time-stamp DT ¢ d if wm > t. A complete collection is a
27 collection from the lazy list that is completed by some watermark from that lazy list. Figure 1a
28 shows a prefix of an out-of-order stream, named stream;, and Figure 1b is shows the associated
a0 set of collections for all time-stamps occurring in the prefix. We arrange the set of collections in
200 a Hasse diagram, partially ordered by the collections’ time-stamps. That is in this example, we
21 assume that g < &1 < #4, ty < o < t5, and ty < t3 < 5 are the inequalities that hold for ’¢.

» 4.1 Monotonicity and Productivity

23 Watermarks denote that some collection is completed, allowing operators to safely send out-
2 puts and clean up their state. If the stream violates the property that after a watermark wm
25 no data with time-stamp ¢t < wm will arrive, then operators may no longer work as expected.
206 In other words, the time-stamps on data items must respect a monotonicity property, which
207 intuitively means “never moving backwards” in relation to the already seen watermarks [6].
208 It is not enough to prohibit time-stamps below the last received watermark due to partially-
20 ordered time-stamps: e.g., given the order from Figure 1b, if WM t; was received just after
o WM t5 tracking only one of these incomparable time-stamps would necessarily lose information.
su Instead, we track a set W of received watermarks and ensure that for all wm’ in W, every
52 future time-stamp in not less or equal than wm’. Timely Dataflow [32] uses a similar (dual)
303 notion of frontiers, which are antichains of time-stamps (i.e., sets of incomparable time-stamps)
s that may be encountered in the future. We use plain sets rather than antichains for simplicity.

305 As streams may be infinite, the monotonicity property is defined coinductively:
306
57 coinductive mono where mono [#] W

ss | mono lzs ({wm} U W) = mono (WM wm ## lzs) W
w | (Ywm € W. = wm > t) = mono lzs W = mono (DT ¢ d ## lzs) W

310

su The prefix of stream; shown in Figure la satisfies mono stream; {}.
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inductive mono_cong for R where R lzs W = mono_cong R lzs W
| mono_cong R lzs (WMs zsU W) = mono (llist_of xs) W = mono_cong R (2s@Q lzs) W
inductive prod_cong for R where R lxts —> prod_cong R lzs
| prod_cong R lzs = (Vn < length zs. V¢ d . nth s n = DT ¢ d —
(Fwm > t. WM wm € Iset (drop (Suc n) zs @@ lzs))) = prod_cong R (xs @@ [xs)

R lxzs W= (ANlxs W. R lzs W = Inull lzs V Buwm las'. lzs = WM wm ## lzs' A
(mono_cong R lzs' ({wm} U W) V mono lzs' ({wm} U W))) V (8)
(3t dlzs. lzs=DT t d## lzs A Ywm € W. = t < wm) A
(mono_cong R lzs' W V mono lzs' W))) = mono lzs W

R lxzs = (\lzs. R lxs = lfinite lzs V
(Fuwm lzs'. lzs = WM wm ## lzs' A\ = Ifinite lzs’ A (prod_cong R lzs’ V prod lzs')) V )
(3t d lzs. lzs = DT t d ## lzs' A — Ifinite lus A (Jwm>t. WM wm € lset lzs') A
(prod_cong R lzs' V prod lzs'))) = prod lzs

Figure 2 Coinduction up to Ishift-congruence principles for mono and prod

Streams must be productive, i.e., always eventually make it possible to produce outputs.
We require that for all seen data items DT ¢ d, there eventually is a watermark WM wm with
wm > t. This is crucial for operators’ completeness: for every consumed time-stamp there
must be an associated output. For finite streams (Ifinite), the requirement can be ignored
as the stream’s end represents the computation’s end. We define productivity coinductively:

coinductive prod where Ifinite lzs = prod lzs
| = Ifinite lxs = (Fu > t. WM u € Iset lzs) = prod lzs = prod (DT ¢t d ## lzs)
| prod lzs = prod (WM ¢t ## lzs)

In Figure la, stream; may respect this property if it is finite, or if there is a watermark
completing t4 at some later position and the rest of the lazy list respects prod.

The automatically derived coinduction principles for both coinductive predicates are
inconvenient for proving some of the properties in Subsection 4.3 due to the occurrence of
Ishift in produce. The corec command [8] derives the coinduction up to congruence principle
only for lazy list equality. Therefore, we manually prove coinduction up to congruence for
both predicates using their respective regular coinduction principles. To this end, we define
inductively in Figure 2 custom congruence closure (under Ishift) predicates for both mono
and prod. The congruence closure predicates are parameterized by a relation R and allow us
to descend under Ishift provided that the prefixed list zs preserves the respective properties.
In Figure 2, WMs returns the set of all wm values from all watermarks WM wm in a list,
nth returns the nth element of a list and drop removes the first n elements of a list. The
respective coinduction up to congruence principles (8) and (9) are also shown in Figure 2.

4.2 Building Blocks

We introduce two operators, which we call building blocks, for batching and incremental
computations. The batching operator creates batches, which are lists of pairs of time-stamps
and data, consisting of completed time-stamps that were not part of a previous batch. We
introduce an auxiliary function for creating batches given a list of watermarks:

fun batches where batches [] tds = ([], tds)
| batches (wm # wms) tds = let (bs, tds') = batches wms [(t, d) < tds. = ¢t < wm)]
in (DT wm [(¢, d) + tds. t < wm] # bs, tds)
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produce (batch_op [(t,a)]) stream; =
’DT t1 [(t0,0),(fo,a),(f1,0)] IWM # | DT ts [(£2,0), (ts,a), (15,a),(t5,c)] |WM ts \WM ts

Figure 3 A prefix of produce (batch_op [(t,a)]) stream
produce (incr_op []) (produce (batch_op [(to,a)]) stream:) =
DT 1o [(t0,8),(t0,0),(11,¢)) [ DT 1 [(t0,0),(f0,a).(t1,0)] WM 1, |

éIDT ts [(f0,0),(f0,a),(11,c),(t2,b),(t3,a),(15,a), (fs, )] IWM ts ‘WM b

Figure 4 A prefix of produce (incr_op []) (produce (batch_op [(to,a)]) streami)

For every watermark in its first argument, batches computes a batch consisting of pairs from
its second argument that have a time-stamp below that watermark. The batch operator is:

corec batch_op where
batch_op tds = Logic (Aev. case ev of DT ¢ d = (batch_op (tds @ [(¢, d)]), [])
| WM wm = let (out, tds') = batches [wm] tds
in (batch_op tds, [z + out. data z # [|]] @ WM wm)]))
(let wms = maximal_antichain_list (map fst tds) in llist_of (fst (batches wms tds)))

Here, maximal_antichain_list computes a maximal antichain, i.e., a list of distinct, maximal,
and incomparable elements from its argument. The operator’s buffer ¢ds accumulates received
DT items and only outputs them (and removes the from the buffer) when a watermark with
a greater or equal time-stamp arrives. The end of the input stream is interpreted by the
operator’s exit as a final watermark which completes all time-stamps in the buffer. Figure 3

shows the output of batch_op [(#,a)] after consuming the stream prefix from Figure la.

The watermark WM ¢; causes the output of a batch containing the collections C', and C},,

whereas WM t5 outputs all other newly completed collections. If the stream ends at that

point, then there will be a final output with DT # [(%4,d)] caused by the operator’s exit.
The incremental computation operator appends batches, creating accumulated batches:

corec incr_op where
incr_op abs = Logic (Aev. case ev of WM wm = (incr_op abs, WM wm])
| DT wm b = (incr_op (abs @ b), map (A\t. DT ¢ (abs @ b)) (remdups (map fst b)))) [#]

Here, remdups removes duplicates in a list. The incr_op operator receives batches and
produces batches that are incrementally accumulated. For each time-stamp of the received

batch, it outputs a new batch that is concatenated with all previously received batches.

The batches are produced without inspecting the time-stamps. Hence, they may include
incomparable time-stamps. This design choice simplifies the soundness property. Figure 4
shows the output stream of incr_op [] after consuming the stream prefix from Figure 3.

4.3 Correctness

We identify four correctness properties of time-aware operators: soundness, completeness,
preservation of monotonicity and preservation of productivity. Soundness means that each
operator output meets the operator-specific specification. Completeness means that each
input is somehow represented in the operator’s output under operator-specific conditions.

For batch_op and incr_op, soundness and completeness statements rely on the auxiliary
definitions in Figure 5. There, list_of converts a finite lazy list into a list (and returns
undefined for infinite lazy lists), Ifilter filters lazy lists, mset transforms a list into a multiset,
and ltakeWhile takes the elements from a lazy list white the given predicate holds.

XX:9
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definition map_filter :: ("a = b option) = 'a list = 'b list where
map_filter f zs = map (A\z . the (f z)) (filter (Az. f = # None) xzs)
definition DTs lzs t = map_filter (Aev. case ev of DT ¢t d = Some d | WM wm = None)
(list_of (Ifilter (Aev. case ev of DT ¢ d = ¢ = t | WM wm = False) lzs))
definition Icoll lzs t = mset (DTs lzs t)
definition coll zs t = mset (map snd (filter (A(¢, d). ¢ = t) zs)
definition set_t zs = set (map fst zs)
definition ts lus t = {¢. 3d'. DT ¢ d € Iset lzs A ¢ < t}
definition ws lzs wm = {wm/. WM wm’ € Iset (ItakeWhile ((#) (WM wm)) lzs)}
definition incompletes lzs = (let zs = filter (Aev. case ev of
DT ¢t d = - (3wm > t. WM wm € Iset lxs) | WM _ = False) (list_of lzs)
in maximal_antichain_list (map tmp zs))
definition ws2 lzs wm = set (takeWhile ((£) wm) (incompletes lzs))
definition batch_ts lzs wm = if WM wm € Iset lzs
then {# € ts lus wm. = (Fwm’ > t'. wm’ € ws lzs wm)}
else {t € ts lzs wm. = (wm’ > . wm' € ws2 lzs wm V WM wm/ € Iset lzs)}

Figure 5 Auxiliary definitions for the soundness and completeness of the building blocks

Collections are formalized for both [list and [list types, respectively, by coll and Icoll.
As exemplified by Figure 3, the time-stamps of separate batches are disjoint. Under the
mono assumption the list_of used in DTs is only applied to finite lazy lists because [filter is
guaranteed to only find finitely many elements. The functions ws and ws2 represent the
time-stamps of outputs that possibly happened prior to receiving wm. Here, ws2 is the special
case for exit, in which there are no actual watermarks completing these time-stamps, so we
take the maximal antichain of time-stamps that do not have completing watermarks instead.

4.3.1 Correctness of batch_op.

For batch_op, the intuitive meaning of soundness is: for an output DT wm b, the batch b
is formed by all completed collections with time-stamps < wm that were not yet output. We
characterize the time-stamps belonging to b by batch_ts in Figure 5. Thereby, we distinguish
whether the time-stamps are below a watermark from the stream. The full soundness lemma is:

mono lzs W = DT wm b € Iset (produce (batch_op tds) lzs) =
(Vt € set_t b. coll bt = Icoll lzs t + coll tds t) A (10)
set_t b = batch_ts ((map (A (¢,d). DT t d) tds) @@ lzs) wm

The soundness proof proceeds by induction on Iset (2). However, another mismatch with the
induction hypothesis forces us to generalize the operator using skip_op. To finish the proof,
we use several lemmas about produce; that follow by the respective induction principle (4).

Completeness of batch_op states that every input DT ¢ d must be present as (¢, d) in
some output batch. From batch_op’s soundness (10) we already know that the time-stamps
in the output batches form completed collections. Hence we only need to show that the
time-stamp is present in some batch. Because of the exit call, we know that every time-stamp
eventually will be in some batch, even if there is no watermark completing it. We formally
state the completeness of batch_op as follows:

prod lzs = DT t d € Iset lzs V t € set_t tds =
Ifinite lzs vV (V¢ € set_t tds. Jwm > ¢ . WM wm € lIset lzs) = (11)
Jwm b. DT wm b € Iset (produce (batch_op tds) lxs) A t € set_t b
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The third assumption extends the concept of productivity to also include the buffer ¢tds. Com-
pleteness follows by induction on Iset (2). In the base case, the time-stamp is already in the buf-
fer, or enters the buffer after one call of produce;. We prove an (omitted) auxiliary lemma that
if a time-stamp is in the buffer, it will eventually be part of the output, regardless whether there
is a completing watermark in the stream or the stream is finite. The induction step follows by
showing that ¢ eventually enters the buffer, which reduces the problem to the auxiliary lemma.

The preservation of mono by batch_op requires an additional assumption about the buffer,
which may be output in batch_op’s exit, and follows by coinduction up to congruence (8).
The preservation prod follows similarly by coinduction up to congruence (9).

mono lzs W = (Vt € set_t tds. Ywm € W. = t < wm) =
mono (produce (batch_op tds) lxs) W

prod lxzs = prod (produce (batch_op tds) lzs) (13)

4.3.2 Correctness of incr_op.

The soundness for incr_op describes its outputs: an accumulated batch ab which is the
concatenation of the buffer with accumulated batches from some prefix of the incoming data
stream. The notion of accumulated batches is given by:

fun Itake_DT where
ltake_DT (Suc n) (WM _ ## lxs) = ltake_DT n lzs
| ltake_DT (Suc n) (DT ¢ b ## lxs) = (¢, b) # Itake_DT n lzs
| ltake_DT _ _ =[]
definition acc_batches n lzs = concat (map snd (Itake_DT n lzs))

The soundness of incr_op relates the produced batch DT ¢ ab with the accumulated
consumed prefix, and asserts that ¢ originated from the accumulated batches:

DT ¢ ab € Iset (produce (incr_op abs) lxs) = (14)
In. ab = abs @ acc_batches n lzs A t € set_t (acc_batches n lxs)
As for batch_op, soundness requires a generalization with skip_op and proceeds by induction
on produce; (4) after unfolding produce.

The completeness of incr_op says that every ¢ in every received batch will result in an

accumulated batch, and it follows by induction on Iset (2):

DT wm b € Iset lus = t € set_t b = Jab. DT t ab € produce (incr_op abs) lzs (15)

The preservation of mono and prod by incr_op also follow, respectively, from their coin-
duction up to congruence, lemmas (8) and (9), but each require an additional assumption:

mono lzs W= (Vn wm b. n < llength lzs — Inth lzs n = DT wm b —
(Ve sett b .t < wm A
(Ywm! € WU vimage WM (Iset (Itake n lzs)). = wm/ > 1)) =
mono (produce (incr_op abs) lzs) W

(16)

prod lzs = (Vn wm b. n < llength lzs — Inth lzs n = DT wm b —
(3m > n. Inth lzs m = WM wm) A (Ve sett b. ' < wm) A = b#[]) = (17)
prod (produce (incr_op abs) lzs)

Here, llength is the length function returning an enat, Inth returns the nth element of a
lazy list, Itake takes the first n::enat elements from a lazy list, and vimage f B = {z. fz € B}
is the inverse image of a function. The additional assumptions of the preservation lemmas
extend the concepts of mono and prod to the time-stamps inside of the incoming batches.
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4.4 Compositional Reasoning

The operators incr_op and batch_op are composable:

definition incr_batch_op tds abs = comp_op (batch_op tds) (incr_op abs)

We prove the four correctness properties for the composed operator by compositional reasoning:
the proved properties of batch_op prove the assumptions of incr_op. All proofs start by unfold-
ing incr_batch_op and rewriting with comp_op’s correctness (6). We note that exit of incr_op

always remains [#], which validates the assumption of (6). For preservation of mono, we inherit
the additional assumption of (12) which extends monotonicity to the buffer tds. Formally:

mono lzs W= (Vt € set_t tds. YV wm € W. = t < wm) =

mono (produce (incr_batch_op tds abs) lxs) W (18)
Similarly, preservation of productivity is:
prod lzs = prod (produce (incr_batch_op tds abs) lzs) (19)

Both lemmas are proved by backwards reasoning with the preservation of monotonicity
(16) and productivity (17) for incr_op, followed by the preservation of monotonicity (12)
and productivity (17) for batch_op, and using batch_op’s soundness (10) to discharge the
additional assumptions of the preservation lemmas for incr_op.

Fach accumulated batch produced by incr_batch_op has some prefix of concatenate DT pro-
ductions of (batch_op). This fact follows as a corollary of the soundness of batch_op (10) which
is then combined with the soundness of incr_op (14) to derive soundness of incr_batch_op:

mono lzs W = DT ¢ ab € Iset (produce (incr_batch_op tds abs) lzs) =

dn. ab = abs @ acc_batches n (produce (batch_op tds) lzs) A
{t' € set_t (acc_batches n (produce (batch_op tds) lzs)). ¢ < t} = (20)
ts lzs t U {¢' € set_t tds. ¢! < ¢} A
(V' < t. coll (acc_batches n (produce (batch_op tds) lzs)) ¢ = lcoll lxs ¢ + coll tds t')

Completeness of incr_batch_op follows from that of batch_op (11) and incr_op (15):

prod lzs = DT ¢ d € Iset lzs = 3b. DT ¢ b € Iset (produce (incr_batch_op [] []) lzs) (21)

5 Case Study

We introduce two other operators using the building blocks, and showcase how their correct-
ness properties follow compositionally from those of the basic components.

5.1 Histogram

A histogram counts a collection’s elements. We compute incremental histograms, which for a
time-stamp ¢ count not only elements belonging to the collection Cy, but also elements of col-
lections Cy for all smaller time-stamps ¢’ < t. We write H; for an incremental histogram that
counts all elements with time-stamps < t. We represent (incremental) histograms as multisets.

Partially ordered time-stamps make incremental histograms somewhat counterintuit-
ive. We recall the earlier example of time-stamp collections in Figure 6a. The time-stamp
collections C%,, C%,, and Ci, result in the incremental histograms H;,, H;, and H;, in
Figure 6b. The question is “What precisely should H;, count and how to compute it?”
since it has two immediate predecessor incremental histograms H;, and H;, that moreover
share H;, as their predecessor. Here, we use as our specification the variant that counts
every included collection only once: Hy, = Cy, + Ct, + Ct, + Cy,. A similar example is
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Cy,: {d} Cy,: {a,c} H;,: {a,c,d} H;.: {a,a,a,b,c}
o 2 N t A N
Ct: {c} Ciy: {b} C,: {a} Hy,: {c, a} H,: {b, a} Hy,: {a, a}
~ 0 -~ ~ 0 —
Ct(J: {a‘} Ht(): {a'}
(a) Collections in a partial order (b) Computed incremental histograms

Figure 6 Computing incremental histograms in partial order

present! in the Rust implementation of Differential Dataflow [2,28,30], a library for differ-
ential computation built on top of Timely Dataflow. There, pairs of numbers are used as
the partially ordered time-stamps, whereas we work with an arbitrary partial order. (In
our formalization, we additionally verify the more complex specification variant in which
Ht5 = th + Hts + Ct5 = Cto + Cto + Ctz + Cts + Cts')

An implementation of our specification using incr_batch_op collects the data with time-
stamps < ¢ from the accumulated batches at time-stamp ¢. It needs to compute the histogram
for each newly accumulated batch. Without further assumptions on the partial order, any
efficient implementation of this incremental histogram specification must keep track of all
previous incremental histograms, not only maximal ones. For example, in Figure 6a a new
collection with time-stamp tg > ¢y could show up with ¢g being incomparable to all other
time-stamps. To compute Hy,, we must thus have access to Hy, (or Cy,).

Our specification sums all collections with time-stamps less or equal than a given t. We use
the generic set summation sum :: 'a set = ("a = 'b) = b :: comm_monoid_add for commut-
ative monoids (here multisets). We also introduce summation for finite accumulated batches.

definition S_lcoll lzs t = sum (ts lus ) (Icoll lzs)
definition S_coll ¢ zs = sum {¢ € set zs. ¢ < t} (coll zs)

To transform the accumulated batches from incr_batch_op, we use the following time-aware
map operator and define the incremental histogram operator by composition:

corec map_op where map_op f = Logic (Aev. case ev of
WM wm = (map-op f, WM wm]) | DT ¢ d = (map-op f, [DT ¢ (f ¢ d)]))
definition ihist_op tds abs = comp_op (incr_batch_op tds abs) (map_op S_coll)

From the preservation of mono (18) and prod (19) for incr_batch_op and map_op (omitted),
both preservation properties are also derived for ihist_op. The soundness and completeness
of the incremental histogram, simplified to use empty buffers, are:

mono lzs W = DT t H € Iset (produce (ihist_op [] []) lzs) = H = S_Icoll lus ¢ (22)
prod lzs = DT ¢ d € Iset lzs = IH. DT ¢ H € Iset (produce (ihist_op [] []) lzs) (23)

They follow by incr_batch_op’s soundness (20) and completeness (21), respectively.

When time-stamps are natural numbers, an efficient implementation of incremental histo-
grams will compute each H; by summing the last stored incremental histogram H;_1 with the
newest completed time-stamp collection C; after seeing WM ¢. This is efficient because the last
histogram has been already computed. In contrast, our generic incremental histogram is ineffi-
cient: it has a buffer that is never cleaned, and it recomputes the entire histogram for each accu-

! https://github.com/TimelyDataflow/differential-dataflow/blob/250e9c2ad2e9/examples/
multitemporal.rs
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corec ihist_op’ where ihist_op’ H buf = Logic (Aev. case ev of
DT (¢::—::linorder) d = (ihist_op’ H (buf @ [(¢, d)]), [])
| WM wm = if 3(¢, d) € set buf . t < wm
then let out = [(¢, =) < buf. t < wm]; buf = [(¢, =) < buf. t > wm];
tss = remdups ((map fst out));
Hs = map (A\t. DT ¢ (H + (mset (map snd [(¢ -) < out. ¢ < #])))) tss in
(ihist_op’ (H + (mset (map snd out))) buf, Hs @ [WM wm])
else (ihist_op’ H buf, []))
(llist_of (map (At. DT ¢ (H + mset (map snd [(¢, ) « buf. ¢ < #])))
(remdups (map fst buy))))

Figure 7 Efficient incremental histogram operator

produce (ihist_op’ ] [])’DT 1 aIWM JIDT 0 aIWM 0‘ = ’DT 1 {a}IWM 1|DT 0 {a, a}IWM 0‘

produce (ihist-op [| [})| DT 1 a|wM 1|DT 0 a|wM 0| = |DT 1 {a}|wm 1|DT 0 {a} [wm 0]

Figure 8 Difference between ihist_op’ and ihist_op

mulated batch from scratch. We optimize the incremental histogram computation, in Figure 7,
for a totally ordered (linorder typeclass) time-stamp type. The optimized operator has two
buffers: the first one keeps the last histogram (which makes sense for a total order); the second
one keeps the tuples not output yet. When new histograms are output, the operator replaces
the last stored histogram with the most recent one. The two implementations are equivalent
when applied to streams with totally ordered time-stamps respecting mono. Figure 8 demon-
strates that the implementations differ when the input is not monotone. The ihist_op’ operator
counts all previously seen events which it stores in its state H, whereas ihist_op is aware of
all time-stamps because it uses accumulated batches including all previous time-stamps.
We show that the two operators produce the same results for monotone inputs:

mono lzs W = (Vt € set_t abs. Jwm € W. t < wm) =
(Vt € set_t tds. Ywum € W. t > wm) = (24)
produce (ihist_op’ (mset (map snd abs)) tds) lzs = produce (ihist_op tds abs) lxs

Instead of directly proving this equality, we define a coinductive predicate between
operators that holds if they produce the same outputs when applied to the same monotone
input. The relation, similarly to mono, uses a set W of seen watermarks, and coinductively
checks that the time-stamp of the next event is not smaller or equal than any time-stamp in W:

definition eq_op_lifted ev W op; ops R = exit op; = exit ops A (case ev of

DT td= (Vum € W. = t < wm) = rel_prod (R W) (=) (apply op1 ev) (apply ops ev)
| WM wm = rel_prod (R ({wm} U W)) (=) (apply op1 ev) (apply op2 ev))
coinductive eq_op where (Vev. eq_op_lifted ev W op; ops eq_op) = eq_op W op; ops

Here, rel_prod relates the elements of two pairs point-wise using the given relations. The
coinduction principle of eq_op is:

(AW opy ops ev. R W opy ops —> eq_op_lifted ev W op; ops R) —

2
R W opy opo = eq_op W opy ops (25)

The relation eq_op is a reasonable equivalence of operators: two operators related by
eq_op generate the same outputs via produce when applied to the same monotone input:

mono lzs W=— eq_op W op; ops = produce op; lxs = produce opy lzs (26)
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This fact follows by the coinduction up to congruence (1). Finally, we prove that our two
histogram implementations are related using the coinduction principle for eq_op (25):

Vit € set_t abs. Jum € W. t < wm — Vit € set_t tds. Vwm € W . t > wm — (27)
eq_op W (ihist_op’ (mset (map snd abs)) tds) (ihist_op tds abs)
Combining this fact with the soundness of eq_op (26) implies our desired property (24).
Our incremental histogram operators are executable using the lazy evaluation library
by Lochbihler and Stoop [25]. In particular, our definitions do not use any non-executable
constants such as quantifiers over infinite domains. Furthermore, produce has code equations,
which enables code generation [14]. Naturally, when working with infinite input lazy lists,
one can only observe finite prefixes of the output in finite time, e.g., by using ltake_DT.

5.2 Join

Our second case study illustrates how multiple disjoint time-aware data streams can be repres-
ented by a single one, which allows us to define operators with multiple inputs. The operator,
defined in Figure 9, joins data items using a given join :: 'a = 'a = 'b option function, and
uses the sum type 't + 't as its time-stamp type: an input with time-stamp Inl #; is inter-
preted as coming the first data stream, whereas time-stamp Inr 5 originates from the second
data stream. We use the point-wise partial order on sum types as the order for our definition.
That is, Inl #; is not related to any Inr ¢, and Inl t; < Inl #2 iff 4 < 3 (and similarly for Inr).
Once again, we use the incr_batch_op operator, so that we only need to define how to com-
pute the results from the accumulated batches. In Figure 9, we apply join_list to each accumu-
lated batch, which combines Inl and Inr tuples when they share the same time-stamp, and apply
the provided join function to all possible combinations. Each joined result is output as an in-
dividual data item by the flatten operator flatten_op, which transforms batches into individual
data items assigning the time-stamp ¢ from DT ¢ b to each element in the batch b. Finally, we
remove the sum type from the output time-stamps using the union operator union_op, which
outputs watermarks as soon they are identified as producible, meaning that a greater or equal
watermark on the opposite side was already consumed. This identification is relevant for the
preservation of mono, as it is only safe to output a watermark wm after the data on both sides
is completed for it. The operator union_op has two buffers: the first keeps track of watermarks
not identified as producible yet; the second denotes the maximal antichain of seen watermarks.
Figure 10 shows the four correctness properties of join_op with empty initial buffers to sim-
plify the involved assumptions. The first two (soundness and completeness) express, respect-
ively, that each joined item is the result of joining elements from different sides of the input
data stream, and that every pair of items that can be joined will generate an item in the output.
Both proofs follow similarly to the soundness (22) and completeness (23) of ihist_op. Preserva-
tion of prod for join_op assumes all incoming watermarks to be producible. Under this assump-
tion, all watermarks will be output. Our proofs rely on four correctness properties of union_op
(omitted), that resemble in terms of additional assumptions closely the properties of join_op.

6 Conclusion

We used the Isabelle/HOL proof assistant to model (possibly non-terminating) time-aware
data stream processing. We identified two essential building block operators for batching and
incremental computations, which we reused in two case studies. Moreover, we established
the correctness for our operators, combining induction and coinduction. The correctness of
composed operators follows compositionally from the building block operators’ correctness.
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corec flatten_op where
flatten_op = Logic (Aev. case ev of WM wm = (flatten_op, [WM wm])
| DT t d = (flatten_op, map (DT ¢) d)) [#]
definition join_list where
join_list join st zs = (let t = case_sum id id st;
lefts = map_filter (A(v, d). case v of Inr _ = None
| Inl ¥ = if ¢ = ¢ then Some d else None) zs;
rights = map_filter (A(v, d). case v of Inl _ = None
| Inr ¢ = if t = ¢ then Some d else None) zs in
concat (map (AdI . map_filter (\dy . join dy do) rights) lefts))
definition producible wm MA = (3uwm’ € MA. wm < case_sum Inr Inl wm')
corec union_op where union_op wms MA = Logic (\ ev. case ev of
DT ¢ d = (union_op wms MA, [DT (case_sum id id t) d))
| WM wm = let MA’ = maximal_antichain_set (insert wm MA) ;
prds = {wm/ € set (wm # wms). producible wm/ MA’};
(union_op [wm/ < wm # wms. wm' & prds] MA’,
map (case_sum WM WM) [wm’ < wm # wms. wm' € prds])) [#]
definition join_op tds abs wms MA join = comp_op (comp_op (incr_batch_op tds abs)
(comp_op (map_op (join_list join)) flatten_op)) (union_op wms MA)

Figure 9 Flatten, union, and join operators

mono lzs W = DT t d € Iset (produce (join_op [] [] [] {} join) lxs) =
dy do. join di dy = Some d A dy € set (DTs lzs (Inl t)) A dy € set (DTs lus (Inr t))

mono lzs W = prod lzs => DT (Inl ) dy € Iset lzs = DT (Inr t) dp € lIset lxs =
join dy do = Some d =—> DT ¢ d € Iset (produce (join_op [] [| [] {} join) lxs)

(28)

(29)

mono lzs {} = mono (produce (join_op [] [] [] {} join)) {} (30)

prod lzs = Ywm € vimage WM (lset lzs). producible wm (vimage WM (lset lzs)) =
prod (produce (join_op [] | [ {} join))

Figure 10 Correctness properties of join_op

(31)

We further introduced a reusable generalization technique using the skip_op operator that
allows (co)inductive reasoning about elements at arbitrary positions.

We benefited from Isabelle’s infrastructure for coinductive predicates, codatatypes, and
corecursive functions, especially the support for friendly corecursion and monadic recursion
and associated reasoning principles. A point for future work for Isabelle’s developers could be
to automatically derive coinduction up to congruence principles for coinductive predicates such
as our manually derived principles (8) and (9). Our formalization amounts to around 17000
lines of definitions and proofs. Of these, the heavy lifting happens for basic libraries (6 000)
and reusable operators (9000) with batch_op being the main culprit (5000). In contrast,
compositional reasoning in our case studies (Section 5) benefits from this groundwork (2 000).

As future work, we want to use partially-ordered time-stamps to introduce a feedback
loop operator as in the Timely Dataflow stream processing framework [29,31,32]. Moreover,
we currently do not support parallelism. A long-term goal to extend operators with a notion
of workers they run on, which will enable us to distribute the input stream across workers as
in Timely Dataflow and reason about the correctness of the resulting distributed streaming
computation. Our formalization is executable, but it is not efficient because relies on the code
extraction to purely functional languages. We plan to connect our work to the Isabelle-LLVM
refinement framework [20] to obtain efficient executable operators.
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