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How to prove?

by (coinduction arbitrary : L) autoproof (rule coinduct lang)
define R K1 K2 = (∃L. K1 =∅+ L ∧ K2 = L)

show R (∅+ L) L by simp

fix L1 and L2
assume R L1 L2
then obtain L where L1 =∅+ L and L2 = L by simp
then show o L1 = o L2 ∧ ∀x . R ( L1 x) ( L2 x) by simp

qed

theorem L + L = L
by (coinduction arbitrary : L) auto

theorem L1 + L2 = L2 + L1
by (coinduction arbitrary : L1 L2) auto

theorem (L1 + L2) + L3 = L1 + (L2 + L3)
by (coinduction arbitrary : L1 L2 L3) auto

R K1 K2 ∀L1 L2. R L1 L2 −→ (o L1 = o L2 ∧ ∀x . R ( L1 x) ( L2 x))

K1 = K2

theorem ∅+ L = L

o L1 = o (∅ + L) = (o ∅ ∨ o L) = ( ∨ o L) = o L = o L2

R ( L1 x) ( L2 x) = R ( (∅ + L) x) ( L x)
= R ( ∅ x + L x) ( L x) = R (∅ + L x) ( L x)
= (∃L′. ∅ + L x = ∅ + L′ ∧ L x = L′) =

theorem (L + K ) ·M = (L ·M) + (K ·M)
by (coinduction arbitrary : K L) autoby (coinduction arbitrary : L K rule : coinduct+lang) auto

· · · −→ R = λL1 L2. ∃L K . L1 = (L + K ) ·M ∧
L2 = (L ·M) + (K ·M)−→

R (( L′ x + K ′ x) ·M + M x)
(( L′ x ·M + K ′ x ·M) + M x)

R K1 K2 ∀L1 L2. R L1 L2 −→ (o L1 = o L2 ∧ ∀x . R
+

( L1 x) ( L2 x))

K1 = K2
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by (coinduction arbitrary : L1 L2 L3) auto

R K1 K2 ∀L1 L2. R L1 L2 −→ (o L1 = o L2 ∧ ∀x . R ( L1 x) ( L2 x))

K1 = K2

theorem ∅+ L = L
o L1 = o (∅ + L) = (o ∅ ∨ o L) = ( ∨ o L) = o L = o L2

R ( L1 x) ( L2 x) = R ( (∅ + L) x) ( L x)
= R ( ∅ x + L x) ( L x) = R (∅ + L x) ( L x)
= (∃L′. ∅ + L x = ∅ + L′ ∧ L x = L′) =

theorem (L + K ) ·M = (L ·M) + (K ·M)

by (coinduction arbitrary : K L) auto
::::::::::::::::::::::::::::::::::::::::

by (coinduction arbitrary : L K rule : coinduct+lang) auto

· · · −→ R = λL1 L2. ∃L K . L1 = (L + K ) ·M ∧
L2 = (L ·M) + (K ·M)−→

R (( L′ x + K ′ x) ·M + M x)
(( L′ x ·M + K ′ x ·M) + M x)

R K1 K2 ∀L1 L2. R L1 L2 −→ (o L1 = o L2 ∧ ∀x . R
+

( L1 x) ( L2 x))

K1 = K2
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codatatype α langNondet = LNondet bool (α⇒ α langNondet setκ)

codatatype α langω = Lω (α lang) (α⇒ α langω)
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
codatatype α langMarkov = LMarkov (α×α langMarkov) pmf

codatatype α langReact = LReact (α⇒ α langReact pmf option)

codatatype α langSegala = LSegala (α×α langSegala) pmf setκ
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Brzozowski Derivatives

d a ∅ = ∅
d a ε = ∅
d a (Atom b) = if a = b then ε else∅
d a (r + s) = d a r + d a s
d a (r · s) = if o r then d a r · s + d a s else d a r · s
d a (r∗) = d a r · r∗



Brzozowski Derivatives
Finiteness

d a ∅ = ∅
d a ε = ∅
d a (Atom b) = if a = b then ε else∅
d a (r + s) = d a r + d a s
d a (r · s) = if o r then d a r · s + d a s else d a r · s
d a (r∗) = d a r · r∗

d̂ [] r = r
d̂ aw r = d̂ w (d a r)

d̂ACI [] r = |r |ACI

d̂ACI aw r = d̂ACI w |d a r |ACI

Theorem [Brzozowski’64] {[d̂ w r ]ACI | w ∈ Σ∗} is finite for all r
Corollary {[d̂ w r ]ACIUD | w ∈ Σ∗} is finite for all r

Lemma |d a |r |ACI|ACI = |d a r |ACI

Corollary {d̂ACI w r | w ∈ Σ∗} is finite for all r

Conjecture {d̂ACIUD w r | w ∈ Σ∗} is finite for all r
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Brzozowski Derivatives
Finiteness as a Rewriting Problem

Input Convergent ordered regex rewriting system R with ACI⊆ R

Question Under which conditions is {d̂R w r | w ∈ Σ∗} finite for all r?

Negative Example R = ACI ∪ {ε · r∗→ r∗ · r∗}

a∗
d→ ε · a∗
R!→ a∗ · a∗
d→ (ε · a∗) · a∗ + ε · a∗
R!→ (a∗ · a∗) · a∗ + a∗ · a∗
d→ . . .
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